We show that the families of effective actions considered by Jacobson et al. to study Lorentz invariance violations contain a class of models that represent pure general relativity with a Euclidean signature. We also point out that some members of this family of actions preserve Lorentz invariance in a generalized sense.
In recent years there have been several proposals to study Lorentz invariance violations in general relativity and their observational consequences ͑see ͓1-3͔ and references therein͒. The main ingredient of these models is the introduction of a preferred frame ͑referred to by the authors as the aether͒ described by a unit timelike vector field u a . In order to preserve general covariance u a is taken as a dynamical field. The most general action considered in these papers has the form
where u a ªu m ٌ m u a , is the Lagrange multiplier that enforces the condition that u a is a unit vector, and F ab is defined as F ab ª2ٌ [a u b] . It is important to notice that the models described by Eq. ͑1͒ are not the usual tensor-vector theories due to this constraint. This type of Lagrangian has already been considered in the literature by Kostelecký and Samuel ͓4͔ for gravitational models and by Kostelecký and Mewes ͓5͔ in the context of electrodynamics. The role of questions similar to the ones discussed here, in particular, coordinate invariance, in the construction of dispersion relations with physical Lorentz violation is discussed in ͓6͔.
We want to point out here that some of these actions can be interpreted as describing pure general relativity with a Euclidean signature and others are, in fact, equivalent to Lorentzian general relativity without any Lorentz violating effects.
Following the ideas presented in ͓7͔, let us consider the metric
where ␣ and ␤ are two real parameters, g ab is a Lorentzian metric ͓with ( 
͑5͒
A tedious but straightforward computation now gives , with an unconstrained, timelike, vector field a ; in which case the action becomes invariant under the gauge transformations consisting in local rescalings of the vector field. We can readily see that Eq. ͑6͒ is a particular case of the action ͑1͒ considered in ͓1͔ with the parameter choices a 0 ϭ0, a 1 ϭ͉␣/2͉, a 2 ϭϪsgn(␣)(␣ ϩ␤), b 1 ϭ(sgn ␣)(␣ϩ␤) 2 /2(␣ϩ2␤), b 2 ϭ0, and b 3 ϭϪ2b 1 .
Several comments are now in order. ͑i͒ Some of the parameter choices do not change the signature of the metric. If both g ab E and g ab have Lorentzian signatures, the action ͑6͒ is strictly equivalent to the Einstein-Hilbert action for g ab . It is important to realize that Eq. ͑6͒ has a gauge symmetry that is related to the fact that the variations in the vector field can always be compensated inside g ab E by a suitable variation of the metric g ab . This also means that the field equations coming from variations in the vector field are always redundant. We see then that there is a one to one correspondence between the solutions to the field equations for the Einstein-Hilbert action ͑Lorent-zian or Euclidean͒ and gauge equivalence classes of solutions to the field equations derived from Eq. ͑6͒. In our opinion, it would not be justified to talk about Lorentz violating effects when g ab E is Lorentzian. ͑ii͒ The fact that u a is dynamical or not is irrelevant in our scheme. If u a is a fixed geometric structure, general covariance is broken but, as long as matter couples to g ab E , the physical content of the model corresponds to general relativity in the sense that there is a one to one correspondence between the solutions of the two theories and their symmetries. 
